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Abstract

We consider the Hamiltonian of a system of three quantum mechanical particles
(two identical fermions and a boson) on the three-dimensional lattice Z>
interacting by means of zero-range attractive potentials. We describe the
location and structure of the essential spectrum of the three-particle discrete
Schrodinger operator H, (K), K being the total quasi-momentum belonging
to the three-dimensional torus T° = (—m, 7] and y > 0 the ratio of the
mass of fermion to boson. We choose for y > 0 the interaction () in such
a way that the system consisting of one fermion and one boson has a zero-
energy resonance. For all nonzero values of the quasi-momentum K € T°, we
prove the finiteness of the number N (K, y; 7, (K)) of eigenvalues of H, (K)
below the bottom 1, (K') of the essential spectrum and we give for N (K, y; 0)
an asymptotics as K — 0. Moreover, we prove the existence of infinitely
many eigenvalues of the operator H,, (0) and give for the number N (0, y; z) of
eigenvalues lying below z < 0 an asymptotics as z — O.

PACS numbers: 03.65.—w, 02.30.Tb
Mathematics Subject Classification: 81Q10, 35P20, 47N50

1. Introduction

We consider a system of three particles (two identical fermions and a boson) on the three-
dimensional lattice Z° interacting by means of zero-range pairs attractive potentials.

The main goal of the present paper is to prove (under the relevant conditions) the finiteness
or infiniteness of the number of eigenvalues lying below the bottom of the essential spectrum
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of the three-particle discrete Schrodinger operator H, (K) depending on the total quasi-
momentum K € T3 = (—m, 7] and the ratio y > 0 of the mass of the fermion to the
boson.

Efimov’s effect is one of the remarkable results in the spectral analysis for continuous and
discrete three-particle Schrodinger operators: if none of the three two-particle Schrodinger
operators (corresponding to the two-particle subsystems) has negative eigenvalues, but at least
two of them have a zero-energy resonance, then this three-particle Schrodinger operator has
an infinite number of discrete eigenvalues, accumulating at zero.

Since its discovery by Efimov in 1970 [1], much research have been devoted to this
subject. See, for example, [2—15]. The main result obtained by Sobolev [8] (see also [10]) is
an asymptotics of the form U|log ||| for the number of eigenvalues below A < 0, where the
coefficient U, does not depend on the two-particle potentials v, and is a positive function of
the ratios m/my,, m,/ms3 of the masses of the three particles.

The existence of Efimov’s effect for N-body quantum systems with N > 4 has been
proved by Wang in [16].

In fact in [16] for the total (reduced) Hamiltonian a lower bound on the number of
eigenvalues of the form Cy|log(Ey — A)| is given, when X tends to Ey, where C is a positive
constant and Ej is the bottom of the essential spectrum.

The kinematics of quantum particles on lattices, even in the two- and three-particle sectors,
is rather exotic. For instance, due to the fact that the discrete analogues of the Laplacian or
its generalizations (see (2.1)) are not translationally invariant, the Hamiltonian of a system
does not separate into two parts, one relating to the center-of-mass motion and the other one
relating to the internal degrees of freedom.

As a consequence, any local substitute of the effective mass-tensor (of a ground state)
depends on the quasi-momentum of the system and, in addition, it is only semi-additive (with
respect to the partial order on the set of positive definite matrices). This is the so-called excess
mass phenomenon for lattice systems (see, e.g., [17, 18]): the effective mass of the bound state
of an N-particle system is greater than and, in general, not equal to the sum of the effective
masses of the constituent quasi-particles.

The three-body problem on lattices can be reduced to effective three-particle Schrodinger
operators by using the Gelfand transform. The underlying Hilbert space 6,((ZY?%) s
decomposed as a direct von Neumann integral associated with the representation of the
discrete group Z° by shift operators on the lattice, and the total three-body Hamiltonian
appears to be decomposable. In contrast to the continuous case, the corresponding fiber
Hamiltonians H,, (K) associated with the direct decomposition depend parametrically on the
quasi-momentum K € T°, which ranges over a cell of the dual lattice. Due to the loss of
the spherical symmetry of the problem, the spectra of the family H,, (K) turn out to be rather
sensitive to the quasi-momentum K.

In particular, Efimov’s effect exists only for the zero value of the three-particle quasi-
momentum K (see, e.g., [15, 19] for relevant discussions and [17, 18, 21-25] for the general
study of the low-lying excitation spectrum for quantum systems on lattices).

Denote by 7,(K) the bottom of the essential spectrum of the three-particle discrete
Schrodinger operator H, (K), K € T? and by N(K, y; z) the number of eigenvalues lying
below z < 1, (K).

The main results of the present paper are as follows:

(i) forany y > O and K € T3\{O}, the number N (K, y; 7, (K)) is finite and the following
asymptotics holds:
N(K,y;0)

im =2U(y), 0<U < 00);
A ogl K| ) ( ) )
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(ii) for all y > 0O the operator H, (0) has infinitely many eigenvalues below the bottom of the
essential spectrum and for the number N (0, y; z), z < 0, the asymptotics
N@O,y;2)
—— 0 =U)

-0 [loglz]]
holds, which is similar to the asymptotics found in the continuous case by Sobolev in [8].

The result (i) is characteristic for lattice systems and does not have any analogue in the
continuous case.

We underline that these results are in contrast to similar results for the continuous three-
particle Schrodinger operators, where the number of eigenvalues does not depend on the
three-particle total momentum K € R3 [26].

These results are also in contrast to the results for two-particle Schrodinger operators
on lattices (see [27]), which have finitely many eigenvalues for all k € U;(0) = {k € T :
|k| < &}.

We note that the operator H, (K) has been considered before, but only the existence of
infinitely many eigenvalues below the bottom of the essential spectrum of H,, (0) has been
announced in [28] .

The organization of the present paper is as follows.

Section 1 is an introduction. In section 2 we introduce the Hamiltonians of systems
of two and three particles in coordinate and momentum representations as bounded self-
adjoint operators in the corresponding Hilbert spaces. In section 3 we introduce the total
quasi-momentum and decompose the energy operators into von Neumann direct integrals,
choosing relative coordinate systems. In section 4, we state the main results of the paper.
In section 5, we prove the existence of a unique positive eigenvalue below the bottom
of the essential spectrum of the two-particle discrete Schrodinger operator 7, (k), k € T?
(theorem 4.7). In section 6, we introduce the ‘channel operators’ and describe the essential
spectrum of H,, (K) by the spectrum of i1, (k), k € T (theorem 4.8). In section 7 we give the
Birman—Schwinger principle for H,, (K') (theorem 7.2), and in section 8 we prove the finiteness
of N(K,y;1,(K)), K € T3\{0} (theorem 4.9). In section 9, we derive the asymptotics for
the numbers N (0, y; z) and N(K, y; 0) as z — 0 and |K| — O respectively (theorem 4.9).

Throughout the present paper, we adopt the following notations. We denote by T° the
three-dimensional torus, i.e. the cube (—, ]® with appropriately identified sides. The torus
T? will always be considered as an Abelian group with respect to the addition and multiplication
by real numbers regarded as operations on the three-dimensional space R* modulo (277Z)>.
We also denote by ’]I‘S the torus T° without the point 0 € T?, i.e. ’JI‘% = T3\{0}.

For each § > 0, the notation Us(0) = {K € T? : |K| < 8} stands for a §-neighborhood
of the origin and U§(O) = Us(0)\{0} for a punctured §-neighborhood. The subscripts « and
B always equal to 1 or 2 and o # B.

2. Description of the energy operators of two and three particles on the lattice 7>

Let Z* be the three-dimensional lattice and let (Z3 )™, m € N be the Cartesian mth power of
Z*. Denote by 0,((Z*)?) the Hilbert space of square-summable functions ¢ defined on (Z3%)?
and let Z‘z‘((Z3)3) C 6,((Z*)?) be the subspace of functions antisymmetric with respect to the
first two coordinates.

We consider a system of three particles (two identical fermions and one boson) moving on
the three-dimensional lattice Z>. Each of the fermion interacts with the boson via a zero-range
pair attractive potential with interaction energy p > 0. The free Hamiltonian ﬁf of this
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system in the coordinate representation is an operator on the Hilbert space Eg((Z3)3) of the
form

(HOY) (1. x2.x3) = Y 8P (1 + 5,30, x3) + P (1, X2+ 5, x3) + y P (01, X2, X3+ 5)],

seZ?
¥ e 6512, @.1)
where the function £(s) is defined on A by
3, s=0
é(s) =1{ -1, Is| =1 (2.2)
0, otherwise,

the number y > 0 being the ratio of the mass of the fermion to that of the boson.
It is clear that the free Hamiltonian (2.1) is a bounded self-adjoint operator on £ ((Z*)?).
The three-particle Hamiltonian fl,w of a quantum-mechanical three-particle system is a
bounded perturbation of the free Hamiltonian I’-i}?:

Hyy=H) — u(Vi+ Vo + V). (2.3)
Here vo, = V, o = 1, 2, is the multiplication operator on Eg((Z3)3) given by

Vo) (61 X2, 63) = 8y b (1, 32, x3), i € 15((Z°)), o

(V39 (1, x2, X3) = 84,0 (21, X2, X3), Ve 502, '

where 4, is the Kroneker delta.

The Hamiltonian / .y describing the two-particle subsystem consisting of a fermion and
a boson, which interacts via zero-range pair attractive potentials, is introduced as the bounded
self-adjoint operator on the Hilbert space £,((Z*)?) given by

hyy =05 — ub, (2.5)
where
(AOV) (e, x3) = D 8O (xa + 5, X3) + Y (o 13 +9)], § € L(ZD), a=12,
seZ?
and

OY) (g, 13) = W (ay 13), € (2D,
Let £4((Z*)?) C €,((Z*)?) be the subspace of antisymmetric functions. The Hamiltonian
h,, describing the two-particle subsystem consisting of two identical fermions interacting via
zero-range pair potentials, with interaction energy p > 0, is a bounded self-adjoint operator
on Eg((Z3)2) given by

h, =h" — uvs, (2.6)
where
(R0F) (x1, x2) = Y B (x1 +5.x2) + P (x1, %2+ 9)], ¥ € 5((Z))
seZ?
and
W39) (x1, X2) = 8,0, ¥ (X1, X2), Ve 6527,

Remark 2.1. We remark that for any Ve 1% ((Z*)?), the relations

(039) (X1, %2) = Sy, ¥ (X1, X2) = =8y, (X1, X2) = —(W39) (x1, X2)
hold, and hence the operator v on E‘z’((Z3)2) vanishes.
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Similarly, for the operator V3, defined in (2.4), for any Ve Eg((Z3 )?) the following
equalities
(V3) (1, X2, X3) = 81,0, W (X1, X2, X3) = =81y, (1, X2, x3) = —(V31) (x1, X2, X3)

hold, and hence V3 on Zg((Z3 )3) vanishes.

2.1. The momentum representation

Denote by Lz((T3)’”) the Hilbert space of square-integrable functions ¢ defined on (T3)’”,
where (T*)" denotes the Cartesian mth power of T = (=7, 7.

Let LZ’“((’JI‘3)3) be the subspace of Lz(('IF3 )3 consisting of functions which are
antisymmetric in the first two coordinates.

Let 7, : L2(T*)™) — €,((Z*)™), m € N, denote the standard Fourier transform.
Denote by F3 the restriction of 73 to the subspace Lz"’((']I‘3)3). It is easy to check that

F o LT - 65(Z%)).
In the momentum representation, the three- and two-particle Hamiltonians are respectively
given by the bounded self-adjoint operators

H,, = (]—'é‘)_'ﬁﬂ’yf“, hu,y = (]:2)_1];%)/-7:2

on the Hilbert space L>¢ (T, respectively L2(T?)?).
The three-particle Hamiltonian H,, , (in the momentum representation) is of the form

Hyy = Hy — u(Vi + V), @7
where
(H) f) k1, ko, k) = (e(ky) + e(ka) + ye(ks)) f ki, ka, k3), f € LP((T*)), (2.8)
Vo ) k1, K, k) = (V) (ky, ko, k3)

1
= G /(W 8ka — ki3 (kg + k3 — kjy — k) f (K}, kb, kb) dkj di ks,
(2.9)
fe L>((T%)?), , B = 1,2, a # B. The function ¢ is of the form
3
e(p) =) (1 —cosp®), p=", p? pP) e, (2.10)
i=1

and & (k) denotes the three-dimensional Dirac delta-function.
The two-particle Hamiltonian 4, ,, (in the momentum representation) is of the form

huy = h) — pv, (2.11)
where
(1 f) ko, k3) = (e (ka) + y(k3)) f (ko k3), a=1,2, fel*(T), (2.12)

and the operator v can be written in the form
Wf) ko, k3) = (vo f) (ko k3)

1 L
= 2n) /(Tz)z S (ke + k3 — ki, — K53 f (K, k3) dk;, dks,

a=1,2, f e L>((T%?).
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Remark 2.2. We remark that the two-particle operator /,, associated with the two-particle
Hamiltonian of a system of two identical fermions (in the momentum representation) acts
in the Hilbert space L>*((T%)?) ¢ L?*((T*)?) of all antisymmetric functions on (T*)? and
according to remark 2.1 is of the form

(hu )k, ko) = (R f) (K, ko) = (e(k) + (ko)) f (ks K2, [ e L (T,
3. Decomposition of the energy operators into von Neumann direct integrals.
Quasi-momentum and coordinate systems

Given m € N, denote by ﬁs’" s € 77, the unitary operators on the Hilbert space £,((Z*)™)
defined by

(ﬁs'”f)(m,nz, coony) = f(r+s,ny+s, oy +S), f e bLWzHm.
We easily see that
fj\;’ip = ﬁ;”fj\’p”, s,pel’,

that is, ﬁs’”, s € 77, is a unitary representation of the Abelian group Z* in £,((Z*)?).

~

Denote by U?>. the restriction of ﬁf, s € 73, to the subspace (T3,

as

Via the Fourier transform F¢, the unitary representation U>, of the group Z* in £4((Z*)?)
induces the representation U?,; of the group Z? in the Hilbert space L>((T*)?) by the unitary
(multiplication) operators

(Ua, f) (k. ko, ks) = exp(—i(s, ki +ka +k3)) f (k1. k2, k3), seZ’,  feLl*(T)).
For any K € T, we define . as follows:
Fy = {(ki. ko, K — ki — ko)e(T)? : ki, ky € T°).

Let L>“(F} ) be the subspace of L?(IF} ) consisting of functions which are antisymmetric
in the first two coordinates.

The Hamiltonian H,, commutes with the group UJ,s € Z?, and hence the
decomposition

2 = [ oLy ax

yields the decompositions
Ul = / ®U> (K)dK, H,, = / ®H, ., (K)dK,
KeT? KeT?

of U3

as’

s € Z3, and H, , respectively, where
3 : 2,a (173
U, (K) = exp(—i(s, K)) x I on L>(Fy),

and I = I}, @3 denotes the identity operator on the Hilbert space L4 (IF%)

The Hamiltonian %, , commutes with the group U2, s € Z*, and hence h,, can be
decomposed into the direct integral

Ry =/ eafzu,y(k) dk,
keT?

with respect to the decomposition

L2(T*)?) = / L (F%) dk,
keT?
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where
F% = {(ki, k — k))e(T*)? : k; € T?).
Introduce the mappings
3) . T3)3 3\2 (3) _ _
ﬂa3 ( ) — (T ) B 77:0[3 ((kolakﬂvk3))_(ka’k3)’ a#ﬁv a?ﬁ— 1725
and
7P (T - T, 7P (ko k3)) = koo a0 =1,2.
Denote by 711((3), K ¢ T , and n,gz),k e T , the restrictions of nog) and rro((z) onto
]F;< c (T3 )3F§< C (T2, respectively, that is,

(3) 3) (2) 2)

g =T,3 |IF?( and T =7, |F§(. 3.1

At this point it is useful to remark that F3 ,K € ']I‘S, and IE‘,%, k € ']1‘3, are six- and three-
dimensional manifolds isomorphic to (T*)2 and T?, respectively.
The proof of the following lemma is evident.

Lemma 3.1. The mappings rr,(f), K € T?, and n,gz), k € T3, are bijective from F% C (T3)3
and IE‘,% C (T)? onto (T*)? and T3, with the inverse mappings given by

(TD) " ks k3) = (ks k3, K — ko — k), a=1,2,
(1) ko) = (ko k — ko), a=1,2
respectively.
Let
Uk : L2(Fy) — L2((T%)?), Uxf=fo(xd)™", K eT?,
and
Uy LZ(IF,%) — L*(T%, upg =go (rr,fz))fl, k e T3,

where 71,(?) and 7r;~ are defined by (3.1). Then Uk and u; are unitary operators, and the

following equalities hold:

2
k

Hy(K) = UgH,, (K)(Ug)™", By (k) = uihy () w) ™. (3.2)
The two-particle Schrédinger operators 4, ,, (k), k € T?, are of the form

hy.y (k) = RS, (k) — v, (3.3)
where

h) (k) f (@) = &y (@) f (@), f e L (T, (3.4)

Ey(q) = e(q) +velk —q), (3.5)

1
N = [ 1@, feria (3.6)
@m)? Jp

Remark 3.2. We remark that the two-particle Schrodinger operators 4, (k), k € T?, associated
with the two-particle Hamiltonian %, of a system of two identical fermions act in the Hilbert
space L>°(T3) ¢ L*(T?) of all odd functions on T> and according to remark 2.2 are of the
form

h (k) f(g) = (e(q) + ek —q)) f(q), f e L*(T%.
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The three-particle Schrodinger operators H,, ,,(K), K € T3, from (3.2) are of the form

H,,(K) = H)(K) —2uV. (3.7
The operators H]‘) (K) and V in the coordinates (k,, k3) are defined by
(H)(K) f) ko, k3) = E(K, 3 ko k3) f (ko K3), [ e L2(T?,

3.8
(V) (kark3) = (Vo ) ke, k3) = ! fkq, KY) diS, f e L*(T)Y), 08
Qn)? Jp v

where
E(K,y;ky, k) = e(ky) +e(ks) + ye(K — ky — k3), ko, k3 € 3. 3.9

Remark 3.3. The decomposition

L2(T%?) = LX(T*) ® L*(T%)
of the Hilbert space L2((T>)?) yields the representation V = I ® v for the operator V, where
v is the two-particle interaction operator defined by (3.6).

4. Statement of the main results

In this section, we give precise formulations of the main results. The perturbation v of the
multiplication operator hg(k) is a bounded self-adjoint operator of rank one. Therefore in

accordance to Weyl’s theorem, the essential spectrum of &, , (k), k € T3, fills the following
interval on the real axis:

Oess (hu,y (k)) = [Smin,y (k)» gmax,y (k)],
where

gmin,y(k) = mlq 5k,y(17), Emax,y(k) = max 5k.y(l7),
peT" peT?

and the function & ,, (p) is defined by (3.5).

Remark 4.1. We note that according to remarks 2.1 and 2.2, the spectrum of the two-particle
Schrodinger operator 4, (k), k € T3, fills the following interval on the real axis:

Oess (hp. (k) = [gmin,l (k), gmax,l (k1.

Remark 4.2. We remark that when k = (7, 7, 7) € T° the essential spectrum of A, ; (k)
degenerates to the set consisting of the unique point {En,in (k) }, and hence the essential spectrum
of h,,., (k) is not absolutely continuous for all y > 0 and k € T°.

We denote by v? the positive square root of the positive operator v.
For z < &Emin,, (0) on the Hilbert space LZ(T3), we shall consider the integral operator

G/A,y(k, 7) = Mvé(gk,y(') — Z)_IU%.

Remark 4.3. Clearly, the operator £, , (0) has an eigenvalue z < Emin,, (0) = min s &,y
(q) = 0, that is, Ker(h, , (0) — zI) # 0, if and only if the compact operator G, , (0, z) on
L%(T?) has an eigenvalue 1 and there exists a function ¥ € Ker(G,,, (0, z) — I) such that the
function f given by

()
D= -2
belongs to Lz(T3). In this case, f € Ker(h, , (0) —zI).

ae. peT?, 4.1)
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Moreover, if 2 < Enin,y (0), then
dimKer(h,(0) — zI) = dimKer(G,, (0, 2) — I) 4.2)
and
() ()
Eoy()—z

In the case of a threshold eigenvalue, z = Enin , (0) the equality (4.2) may fail to hold. Hence,
equality (4.2) should be replaced by the inequality

dimKer(h,, , (0) — Enin., (0)1) < dimKer(G,,., (0, 2) — I).

Ker(h, ,(0) —zI) = :f|f(-) = ¥ eKer(G,,(0,2) 1) .

Definition 4.4. The operator h,, ,,(0) is said to have a zero-energy resonance if the number 1
is an eigenvalue for the operator

Gy (0,0) = vz (&, () 1o, 4.3)

and the associated eigenfunction \ satisfies the condition (v'/24)(0) # 0. Without loss of
generality, we can always normalize (v'/>4)(0) so that (vV'/*4)(0) = 1.

Remark 4.5. If i is an eigenfunction of G, , (0, 0) associated with eigenvalue 1, then the
function

F(p) = (g0, (P) " "> Y)(p)

is a simple solution (up to a constant factor) of the equation 4, , (0) f = 0.
Since

e(p) = 3lpl*+0(plH as p—0,
in this case we have that the function
f(p) = (e0, (P ' @Y)(p)
belongs to L' (T*)\L2(T?), where L'(T?) is the Banach space of integrable functions.

Remark 4.6. We note that for any y > 0 the number 1 is an eigenvalue of
1 —1 L
G]/ = Gu(y),y = pny)vzi(e()) 1U2,

where

—1
w(y) = po(1+y) and Mo=(27f)3</ (e(p))—‘dp) . (4
TS

Remark 4.6 allows us to introduce the following family of the two-particle and three-particle
operators fi,, (k) and H,, (K) depending on k € T,y > 0,and K € T?, ¥ > 0, respectively:

Ty (k) = hyy),y (), 4.5)
Hy(K) = Hyy).y (K), (4.6)

where 4, ,, (k) and H,, , (K) are defined by (3.3) and (3.7) respectively.
We recall that the main goal of the present paper is to prove either finiteness or infiniteness

of the number of eigenvalues of the operators H, (K) depending on the parameters K € T?
(the three-particle quasi-momentum) and y > 0 (ratio of the mass of the fermion to the boson).
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For each K € T? and y > 0, we set

Emin,y(K) = min E(K’ YiP, q), Emax,y(K) = max E(Ka Yip, q) (47)
p.geT” p.geT’

The main results of the present paper are as follows.

Theorem 4.7. The two-particle operator h,, (0) (defined by (4.5)) has a zero-energy resonance.
Forallk € ']I‘S the operator h,, (k) has a unique positive eigenvalue z, (k) below the bottom of
the essential spectrum of h, (k), and z,, (k) is even and real analytic in k € Tg.

We recall that 7, (K) denotes the bottom of the essential spectrum o.s(H, (K)) and
N (K, y; z) denotes the number of eigenvalues of H,, (K) below z < 7, (K).

Theorem 4.8. The essential spectrum oes(H, (K)) of H,(K), K € T3, satisfies the equality
Oess(Hy (K))) = [t (K), Emax,y (K)]. (4.8)

In the following theorems, we describe precisely the dependence of the number of
eigenvalues of H, (K) lying below the bottom 7, (K') of the essential spectrum oes(H, (K))
on the parameters K € T° and y > 0.

Theorem 4.9. (i) The operator H,(K), K € ']I‘S, y > 0, has a finite number of eigenvalues
lying below the bottom t,(K) of the essential spectrum oes(H,(K)) and the function
N (K, y; 0) obeys the relation
NMEYD a0y, w0 (4.9)
im —————— = , > 0). .
ki=0 Jlog|K | ’ ’

(ii) The operator H, (0) has infinitely many eigenvalues lying below the bottom 1, (0) of the
essential spectrum oess(H, (0)) and the function N(0, y; z) obeys the relation

N, y;z2)

im =U(y) > 0. (4.10)
=>0- [loglz]]

Remark 4.10. Clearly, the infinitude of the negative discrete spectrum of H, (0) follows
automatically from the positivity of U(y) > 0.

Remark 4.11. We note that the bottom 7,,(K), K € T3, y > 0, of the essential spectrum (see
theorem 4.8) satisfies the conditions

7,(K) = inf {z,(K — p) +&(p)} > 0, KeT;,
peT?

and

7,(0) = inqlr’s{zy(p) +e(p)} =0.
pe

Remark 4.12. Since the operator V = [ ® v, defined by (3.8), is positive, we can conclude
that H, (K) has no eigenvalues above the essential spectrum oe(H, (K)). Consequently,
according to theorem 4.9 the operator H,, (K) has either finitely many or infinitely many
eigenvalues lying outside of oe (H, (K)).
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5. Spectral properties of the two-particle operator #., (k)

In this section, we study some spectral properties of the two-particle discrete Schrodinger
operator 71, (k), k € T3, defined by (4.5).

Let C be the field of complex numbers. For any k € T} and z € C\[Emin,y k), Emax,y (k)]
we define a function (Fredholm’s determinant associated with the operator 71, (k))

n(y)
(2m)?
where 11(y) is defined in (4.4) and y > 0.

Note that the function A, (k, z) is real analytic in T3 x (C\[Emin,y (k)5 Emin,y (K)]).

The following lemma is a simple consequence of the Birman—Schwinger principle and
Fredholm’s theorem.

Mk =1-EL [ 6@ -2 5.0

Lemma 5.1. A number z € C\[Enin,y (k), Emax.y (k)] is an eigenvalue of the operator h,, (k) if
and only if A, (k,z) = 0.

The function &, () has a unique non-degenerate minimum at ¢ = 0 and hence by
Lebesgue’s dominated convergence theorem the following finite limit exists:

lim A, (0.2) = 4,(0,0).
70—

Lemma 5.2. The operator h,, (0) has a zero-energy resonance if and only if A, (0,0) = 0.
Proof. Lemma 5.2 can be proven in the same way as lemma 5.3 in [15]. O
Lemma 5.3. For all k € 'JI‘?), the operator h,, (k) is strictly positive.

Proof. Since the operator i, (0) has a zero-energy resonance (remark 4.6), by lemma 5.1, we
have

A,(0,0) =0

and hence the representation

Ay (k, 0) =

Mo / y(e(k—q)—E(q))d (5.2)
T3

(2m)? e(@)éky (@)

holds. Making the change of variables g = % — p in (5.2) and using the equality A, (k, 0) =
A, (—k, 0), it is easy to show that

A, (k, 0) + A, (=k, 0)

A, (k,0) = 5
_ Mo k k ?
‘2<2n>3/1r3y<8<5”’>_8<5_”>> Fprdp.

where

k k_
F(k, p) = cGm+e(z—p) > 0.

e(5+p)e(s — P)ey (54 P)eyr (5 — P)
Thus for all k € ']Tg, the inequality
A, (k,0) > 0.
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is proven. Since for any y > 0 and k € T° the function A, (k, -) is monotone decreasing on
(=00, Emin,y (k) for any z < Enin,,, (k), the following inequalities hold:

Ay (k,2) > Ay(k,0) > A, (0,0).

By lemma 5.1 the operator 7, (k) have no negative eigenvalue, i.e. the operator %, (k) is
positive. ]

Proof of theorem 4.7. By definition (4.5) of the operator 7, (0) for any y > 0, it has a
Zero-energy resonance.

First we shall prove the existence of an eigenvalue of 1, (k), k € 'JI‘S. The function & ,, (p)
can be rewritten in the form

3
ey (p) =3 +y) = > V/1+2ycosk) +y2cos(p; — p, (k). (5.3)
j=1
where
y sink)
V1 42y cosk() +y2
Taking into account (5.3), we have that the vector function
py TP =T, p, (k) =p, (kM kP kD) = (p, k"), p, ), p, kD)) € T

is odd and regular in (—, )% and

p, (k) = arcsin kY e (—m,m], j=1,2,3. (5.4)

min &, (p) = &, (py (k).
peT-

One has, as easily seen from the definition,

py (k) =

Y k+0(kP)  as k— 0. (5.5)
1+y

Moreover from (5.3), it follows that
3
Eminy (k) = &y (py (k) = 3(1+y) = Y /1+2y cosk) +y2. (5.6)

J=1

In the case y # 1 and k € T°, the point p = p, (k) is the non-degenerate minimum of
the function & ,, (p) and hence the function (&, (p) — Emin,y(k))" is integrable. We define
Ay(k’ gmin,)/(k)) by
u(y) / -1

19 — Emin,y (k dg.
(27t)3 ’]I‘3( k,y(‘]) ,y( )) q
By the dominated convergence theorem, we have

llm A k, = A k’ gmin k .
2> Emin,y () =0 v (k. 2) y( 2 &)

Ay(k’ gminﬁy(k)) =1-

Inthecase y = land k € T3\(—7t, )3, we have

) )
(/;JTV)3 /T3 (gk’y(q) - gmin,y(k)) ldq - —00.

From the representations (5.3) and (5.6), it follows that for all k£ # 0, g # 0 the inequality
gk,y(q + Py (k)) - gmin,y(k) < 501/(6])

holds. Hence by virtue of lemma 5.2, we obtain the following inequality:
A, (k, Emin,y (k) < A, (0,0) =0, k e Tg. (5.7

Ay (k1 5min,y(k)) =
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For each y > 0 and k € ']1‘3, the function A, (k, -) is continuous monotone decreasing on
(=00, Emin,y (k) and A, (k,z) — 1 as z — —oo. Therefore by virtue of (5.7), there is a
unique number z, (k) € (=00, Enin,y (k)) such that A, (k, z,, (k)) = 0. By lemma 5.1 for any
nonzero k € TS, the operator 71, (k) has a unique eigenvalue below Enp ,, (k).

Let us prove the positivity of the eigenvalue z, (k), k € ’11’8. Forany y > O and k € TS
by lemma 5.3 we have A, (k,0) > 0 and the function A, (k, -) is monotone decreasing and
hence the inequalities

Ay (k,0) > A, (k, 2, (k) =0 > A, (k, Emin.y (K)), k e T;,

hold. Therefore, the eigenvalue z, (k) of the operator ,, (k) belongs to (0, Enin,, (k).

Since z, (k) is a solution of the equation A, (k,z) = 0 and for any y > 0,z €
(=00, Emin,y (k)) the equality A, (—=k,z) = A, (k,z),k € T3 holds, the function Zy(+) is
real analytic and even in TS, O

Now we derive an asymptotics for Fredholm’s determinant A (0, z) as z — 0, which plays
a crucial role in the proof of the main results (asymptotics (4.10)). In particular, we show that
the function A(0, Emin,, (k) — »?) is differentiable in w at @ = Epin,,, (k).

We note that in the continuous case (see [8, 10]) for this aim, the resolvent expansion
obtained in [29] has been used.

Lemma 54. Foranyy > 0and k € T* and z < Emin,y (k), the following decomposition
holds:

n(y)y3?

V2 (1 +y)32

where [Emin,y(k) _Z]% > 0 for 5min,y(k) —z > 0and A;/ZO) (gmin,y(k) —2) = O(Smin,y(k) —2),
as z = Emin,y (k) and A)(,Oz) (k, z) = O(k|?), uniformly in z < Epin, (k), as k — 0.

A,k z) = [Eminy () = 21* + ALY (Ein (k) — 2) + AP (&, 2), (5.8)

Proof. Let
Ey (k7 P) = Ek,y(p + Py (k)) - gmin,y(k)'

Then using (5.3), we conclude

3
E,(k, p) = Z\/l +2y cosk; +y%(1 —cos p;).
j=1

We define the function Z),(k, w) on T X~C+ by Zy(k, w) = Ay (k, Enin,y (k) — wzl, where
C, = {z € C : Rez > 0}. The function A, (-, w) is evenin k € T3. The function A, (k, o)
can be represented in the following way:
~ dp
A,k,w)=1-— 2m) 73 T T —

yle, @) = 1= pu(y)(2) /T RONOEYE:

dp

=1—puy)@mn™ f :
3 Zi:l V1+2ycosk;+y2(1 —cos p;) + @?

Let Vs(0) be a complex §-neighborhood of the point = 0 € C. Denote by A} (k, w) the
analytic continuation of the function Zy(k, ) to the region T? x (C, U V5(0)) (see [30]). A
Taylor series expansion gives

_ A (02)
A%k, ) = AL0, ) + AP (k, ),
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where Z](/OZ) (k, w) = O(|k|*), uniformly in w € C, as k — 0. The Taylor series expansion
gives

A% (0, w) = A%(0, 0w + AP (0, wyw?,

where A(VOZ) (0, w) = O(1) as w — 0. Then a simple computation shows that

dA%(0,0 3/2
L = A}(0,0) = _ MOy (5.9)
dw V2 (1 +y)32
The equality Emin,y (k) — z = @? yields the proof of lemma. ]

Lemma 5.5. Let w, (k) be the simple solution of the equation A;j(k, w) = 0, (k,w) €
T3 x [0, +00). Then wy, (k) = O(|k|*) ask — 0.

Proof. By theorem 4.7 and lemmas 5.1, 5.2, the equation A’; (k, w) = 0 has a simple real-
analytic solution w,, (k), k € 3. Taking into account that the function A;‘, (k, w)isevenink €
']I‘S and w, (0) = 0, we have that w,, (k) is even and w,, (k) = O(|k|?) as k — 0. Therefore, the
function z, (k) = Emin,y (k) — w3 (k) is real analytic in T and Enin,, (k) — 2, (k) = w (k) =
O (k). O

Lemma 5.6. Foranyk € ']Tg there exists a number §(k) > 0 such that, for all z € Vs (z, (k)),
where Vs (2, (k)) is the §(k)-neighborhood of the point z,,(k), the following representation
holds:

Ay(k,2) = Ci(k)(z — 2, () A, (k, 2).
Here Cy(k) # 0 and A, (k, z) is regular in Vs (z, (k) and A, (k, z,, (k)) # 0.
Proof. The number z, (k) < &Enin,y, (k), k # 0, is a simple solution of A, (k,z) = 0 and

the function A, (k, z) is regular in C\[Enin,, (k); Emax,y (k)]. Hence for some 8(k) > 0, the
function A can be expanded as

A, k,2) = Z Cu(k)(z — zy (k)" Z € Vs (zy (k)),
n=1
where
w(y)y3? 1
Ci(k) = 0, k #0,
1( ) \/EJT(1+]/)3/22 gmin,y(k) _Zy(k) # 7&
and
~ = Cn(k) n—1
A, (k,z) = —z(k
yk2)=>" cio @

n=1

Clearly, Ay(k, z) is regular in Vs (zy (k). Since z,(k),k # 0, is the unique simple
solution of the equation A, (k,z) = 0,k € T,z < Emin,y (k), we have the inequality
Ay, (k,z, (k) #0. O

6. The channel operators and the essential spectrum of I, (K), K € T3

Recall that we consider a three-particle system consisting of two identical fermions and
one boson. The fermions and the boson interact via a zero-range pair attractive potential.
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Therefore, we have only one non-trivial channel operator H}fh (K),K €T acting on L? (T?)?)
as

n(y)
2m)3

(H"K) f)(p.q) = E(K, v p.q) f (P, q) —

where E(K, y; p, q) is defined by (3.9).
Since the operator H;h(K ) commutes with the group {U?,s € 77} of the unitary
operators

/TS f(p.qHdq', (6.1)

(U2 1) p.@) = expl=i(s, PIf(p. @), f € L*(T)),
the decomposition of the Hilbert space Lz((’ﬂ’3)2) into the direct integral

) = [ oL ap

TS

yields the decomposition

HMK) = /w SH"(K, p)dp.

The fiber operator HS"(K, p) acts in L*(T?) by

HMNK, p) =Ty (K — p) +e(p) 23, (6.2)
where /)73 is the identity operator on L*(T?) and h,, (k) is the two-particle operator defined
by (4.5).

The representation (6.2) of the operator H;jh (K, p) implies for the spectrum o (H;h (K, p))
the equality

o (HMK, p)) = {zy (K = p) +&(p)} U [Eminy (K — p) +£(P), Emax.y (K — p) +(p)].
6.3)

Remark 6.1. We note that the number 7, (0) = 7, (0, 0) = z,,(0) + £(0) = 0 is a zero-energy
resonance for H;h(O, 0) and the positive number 7, (K, p) = z,(K — p) +&(p) > 0O is an

eigenvalue for H)fh(K, p), K eT:, peT.
Lemma 6.2. The operator H;h(K), K € T3, is positive and the equality

o (H"(K)) = [1,(K), Emax. (K)] (6.4)
holds, where Ey,x , (K) is the maximum value of the function E(K, y; p, q) defined by (3.9).

Proof. The theorem (see, e.g., [26]) on the spectrum of decomposable operators and the
structure (6.3) of the spectrum of H;h(K , p) gives the result. O

Lemma 6.3. For any K € ']1‘8, the following inequality holds:
Ty (K) < Emin,y (K)

Proof. For any K € ']I’g, by virtue of theorem 4.7 the inequality

2y (K — p) +e(p) < &niny (K — p) +e(p), PETS,
holds. The result then follows by applying the theorem (see, e.g., [26]) on the spectrum of
decomposable operators. ]

Theorem 6.4. For the essential spectrum o (H, (K)) of H, (K), the equality
o (HS"(K)) = 0ess(H, (K))
holds.

The proof of theorem 6.4 is similar to the proof of theorem 4.3 in [15].

Proof of theorem 4.8. Theorem 4.8 follows from lemma 6.2 and theorem 6.4. |
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7. The Birman-Schwinger principle for H ., (K)

In this section, we prove an extension of the well-known Birman—Schwinger principle
for the two-particle Schrodinger operators, to the case of the three-particle Schrodinger
operator H,(K), K € T3(the Birman—Schwinger principle for the continuous three-particle
Schrodinger operators can be found in [8, 10]).

By lemma 6.2 for all K € T* the operator H;h(K ) has no spectrum below the bottom

7,,(K) and hence for any z < 7, (K) its resolvent R;h(K , 7) exists and is positive.
Let W, (K, z2), K € T, z < 7, (K), be the operators on L2((T3)2) defined as
W, (K,z)=1+V:RMNK, )V,
where V2 = I ® vz and v2 is the square root of v defined by (3.6).
One checks that
W, (K.2)= (I — V:R(K.2)V?) ",
where RB (K, z) is the resolvent of the operator H}(,)(K ). Clearly, W, (K, z) > I. Therefore for

allK e T,z < 7, (K) the operators V2 RS(K, z)V% are positive.
Denote by

T, (K, z), K €T, 7z <1, (K)
the operator in L>e ((’JI‘3)2) defined by

1 1
T, (K,z) = 2W; (K, )V ROU(K, )V W) (K, 2). (7.1)

For any bounded self-adjoint operator A acting in the Hilbert space H not having any
essential spectrum on the right of the point z, we denote by H4(z) the subspace such that
(Af, ) > z(f, ) forany f € Ha(z) andsetn(z, A) = supy,, (., dim H4(z). By the definition
of N(K, y; z), we have

N(K,y;2) =n(—z, —H,(K)), —z> -7, (K).

Remark 7.1. By theorem 4.8 for any K € T° the operators H,(K) have no essential
spectrum below z < 7, (K) and hence the operators —H, (K) have no essential spectrum
above —z > —1,(K).

Theorem 7.2. For z < 7,,(K), the operator T, (K, z) is compact and continuous in z and
N(K,y;z) =n(l, T(K, 2)).

Proof. We first verify the equality

N(K, y:2) = n(1,2(RA(K, )" V(RU(K, 2)%). (7.2)
Assume that u € H_p,x)(—2), that is, ((H}(,)(K) —2u,u) < 2(Vu,u). Then
0,9 < 2((RUK, ) V(RYUK, )7y, y), vy =(HYK)—2)u.

1 1
Thus, N(K, y;z) < n(1, 2(R8(K, 2))? V(RB (K,z))?). Reversing the argument \lJve get the
opposite inequality, which proves (7.2). Any nonzero eigenvalue of (RB (K, z))7 V1 is an

1
eigenvalue for Vi (RB(K , z)) 2 as well, of the same algebraic and geometric multiplicities.
Therefore, we get

n(1,2(RO(K, )? V(RU(K, 2))?) = n(1,2V 2 Ry(K, )V'?).
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Let us check that

1 1
n(1,2(R)(K,2)*V(R)(K,2)*) =n(1, T, (K, 2).

We shall show that for any u € Hz(Rg(K,z))%V(Rg(K,z))% (1), there exists y € Hr, (k) (1) such

that (y, y) < (T, (K, 2)y,y). Letu € H2(R3(K’Z))%V(R3(K’Z))% (1), that is,

(u,u) < 2(V%R3(K, z)V%u, u)

and hence

1

(1 = VERUK, 2)VZ)u,u) < (V2RUK, 2)V >2u, u). (1.3)

1

Setting y = (I — V%Rg(K, z)V%)zu, we have
1 1
(. y) < 2(W (K, 2)V2RU(K, )V Wy (K. 2)y, y),

1 1
thatis, (y, y) < (T, (K, 2)y, y). Thus, n(l, 2(R3(K, z))2 V(Rg(K, z))z) <n(1,TK,z)).
1 1

In the same way, one checks that n(1, T, (K, z)) < n(1, 2(R3(K, Z))iv(Rg(K, 2)?).

O

Remark 7.3. On the left-hand side of (7.3) the operator V%RJ‘Z (K, z)V% is a partial integral
operator, since the operator

1
VE f (ke Ks) = Vit f (ks k) = (1 @ 02) f (ks k)
is written in the coordinates (k,, k3), i.e. it is an integral operator with respect to k3. The

right-hand side of (7.3) can be written as Va% R}(} (K, z)Vf, where the operator V = V, is
written in the coordinates (ky, k3), that is, it is an integral operator with respect to k3. But
the operator V = Vj is written in the coordinates (k3, k), that is, it is an integral operator
with respect to k,, and hence the operator V 2 RB (K, 2) V% on the right-hand side of (7.3) is an
integral operator in all variables.

8. The finiteness of the number of eigenvalues of H,(K), K € Tg

Now we are going to proof the finiteness of N (K, y; 7, (K)) for K € TS. First we shall prove
that the operator 7}, (K, 7,(K)), K € T3, belongs to the Hilbert—Schmidt class.

The point p = 0 is the non-degenerate minimum of the function &(p) and the minimum
for z,, (p), and hence p = 0 is the non-degenerate minimum of Z,, (0, p) defined by

Z,(0, p) == e(p) +z,(p).
One can conclude that the minimum point pf (K) € T? of the function Z,(K,p) =
e(p)+z,(K —p), K € ']I‘S is non-degenerate, i.e.
2 3

[ 9z, 2
B(K) = [W(K s (K))] > 0.

i,j=1
Hence, the asymptotics
Z, (K, p) = 7, (K) + (B(K)(p — p(K), p — p;(K)) +o(lp — p7 (K)I*)
as |p—pl(K)| >0 8.1
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holds, where 7, (K) = Z, (K, p/(K)). From lemma 5.6 we conclude that for all K € TS, p €
Usx) (pf (K)) the equality

Ay (K, p,7,(K) = (Z,(K,p) —71,(K)A,(K, p,7,(K)) (8.2)
holds, where A, (K, pL(K), 7, (K)) # 0. Putting (8.1) into (8.2), we get the following.

Lemma 8.1. For any K € ']I‘S there are positive nonzero constants ¢ and C depending on K
and US(K)(pf(K)) such that for all p € U(;(K)(pf(K)) the following inequalities hold:

c|p = P2 < AJ(K. p.1,(K) < C|p — pZ(K)|. (8.3)

Remark 8.2. Let the kernel function v(-) of the interaction operator v and the dispersion
relation ¢ be real-analytic functions on the three-dimensional torus T°. In this case, the
minimum (critical) values of the function Z,, (K, -) may degenerate only at a finite number of
manifolds R, € ’]I‘3, n=172,...,N,of co-dimension 1.

Lemma 8.3. For any K € ']I‘S, the operator T, (K, T, (K)) belongs to the Hilbert—Schmidt
class.

Proof. By lemma 6.3 for the bottom 7, (K') of the essential spectrum, the inequality
7, (K) < Eminy (K), K eTp, (8.4)

holds. Since the operator 7, (0) has a zero-energy resonance, the operator 71, (k), k € T2, k #
0, has a unique eigenvalue z,, (k) < Epin,,, (k) (theorem 4.7).
The function Z, (K, p) has a unique minimum and 7, (K) = min,,.s Z, (K, p). Hence

forall p € T*\Us(pZ(K)), we obtain

A, (K, p,1,(K)) = C(K) > 0. (8.5)
According to (4.7) and (8.4) for all p, q € T} and K € TS, inequality
E(K,y;p,q) — 1 (K) 2 Enin,y(K) —7,(K) >0 (8.6)

holds. Using (8.3), (8.5) and taking into account (8.6), we can make certain that for each K €
Tg and all p € Us(p}(K)),q € Us(p7(K)) the modules of the kernels T, (K, 7, (K); p, q)

of the integral operators 7, (K, 7,,(K)), K € TS, can be estimated by
Co(K)

|p— PZ(K)||g — pZ(K)|

where Cy(K) and C|(K) are some constants. From this, we conclude that

T,(K, 7,(K)), KeT;

+C1(K),

are Hilbert—Schmidt operators. ]

Now we shall prove the finiteness of N (K, y; 7,,(K)), K € ’]I‘?) (part (i) of theorem 4.9).
Let T, (K,2),K € ']T3, z < 7, (K), be the self-adjoint operator defined in L2(']T3) by

wy) [ A(K,p,2)A, (K, q,2)

T, (K, =
(T, (K, 2) f)(p) Qr)3 ) EK,y;p.q)—z

flg)dg. 8.7

Lemma 8.4. The following equality holds:
n(]" T)/(Ka Z)) = n(17 Ty(K’ Z))
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Proof. Let W : L,((T*)?) — L,(T?) be the operator given by

_3
WH(p)=Q2m)—> / f(p.q)dq
TB
and let W* be its adjoint. One can easily check that the following equalities hold:

Wf=Qn):Vif and VIWS F = ASC(K, p.OVES, feL(TH).  (88)

These equalities imply the equality T, (K, z) = W*T,, (K, 2)W.
Since any nonzero eigenvalue of W*T, (K, z)W is an eigenvalue of WW*T, (K, z) as well,
with the same algebraic and geometric multiplicities, and W\W* = [, 53, we have

n(1,T,(K,z2) =n(l, T,(K, 2)). O

Theorem 8.5. For the number N(K, y; t,(K)), K € T3, the relation
N(K, y; 7 (K) < lim n(l = v, T, (K, 7,(K))

holds.

Proof. By theorem 7.2 and lemma 8.4, we have
N(K.yid=n(l.T,(K.2)) a5 z<1,(K)

and by lemma 8.3 for any v € [0, 1) the number n(1 — v, 7}, (K, 7,,(K))), K € ']I‘S, is finite.
Then according to the Weyl inequality

n(iy + A2, Ay + Az) < n(hy, Ap) +n(Aa, Az),
forall z < 7,(K) and v € (0, 1) we have
N(K,y;z) =n(1,T,(K,z)) <n(l-v,T,(K,7,(K))) +n(,T,(K,z) — T,(K, 7,,(K))).
Since 7, (K, z) is continuous from the leftupto z = 7,,(K), K € T3, we obtain
lim N(K,y;z) =N(K,y;7,(K)) <n(l—-v,T,(K, 1,(K))) forall v e (0,1)

7—>1,(K)

and so
T, (K, 1,(K)) g&iir})n(l—v, T, (K, 1,(K))), K GTS. 0
9. Asymptotics for the number of eigenvalues of H.,(K)
In this section, we shall prove theorem 4.9.
Theorem 9.1. The following equality holds:
lim w =U(y). 9.1

B2 4120 |log (% +1z])|

Theorem 4.9 will be deduced by a perturbation argument based on lemma 4.7, which has
been proven in [8]. For completeness, we here reproduce the lemma.

Lemma 9.2. Let A(z) = Ap(z) + A1(2), where Ay(z) (respectively Ay(z)) is compact and
continuous in z < 0 (respectively z < 0). Assume that for some function f(-), f(z) - 0,z —
0— one has

zli%lf F@n(k, Ag(2)) = 1),
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and [(X) is continuous in ). > 0. Then the same limit exists for A(z) and

Jim f(2)n(h, A(2)) = 1)

Remark 9.3. According to lemma 9.2 any perturbations of the operator Ay(z) defined in
lemma 9.2, which is compact and continuous up to z = 0, do not contribute to the asymptotics
(9.1). Throughout the proof of theorem 9.1, we shall use this fact without further comments.

Lemma 9.4. There exists § > 0 such that

E©,v;p.q) = s[(L+)Ipl* +2y(p. @) + (L +)Igl* 1+ O(Ip|* + g1 9.2)
as p,q — 0and for all z € (-4, 0]

Ay (0, p,2) = M( ny|pP? —22)7 + O(Ipl* + Iz]) as p,z—0, 9.3)
2n(1+y)2

wheren, = (1+2y)(1+y)~".

Proof. The asymptotics

e(p)=slpP+0dpH  as p—0 (9.4)
of the function &(p) yields (9.2). The definition of &y, (k) and the representation (5.3) give
the asymptotics

14 2 4
min k) = k k k s .
Emin,y (k) 2(1+y)| [+ O(kl") as k—0 9.5)

which yields (9.3). ]

Denote by X,g( ) the characteristic function of Us(0) = {p € T> : |p| < 8}.

Let T(S, '21;1' + Izl) be an operator on L?(T?) with the kernel

, 15 ()@ (my | PP + 2 (55 +121)) ™ (n, la 12 + 2(85F + 121))

)/ E)
(L+0)lgP +2y (p, ) + (1 +P)IpP +2(5F +12])
where
1+y): 1+2 1+2
ot Ley 12y
272 1+y y

Lemma 9.5. The operator T,, (K, z) — Ty( ; ‘21;,' + |z|) belongs to the Hilbert-Schmidt class

and is continuous in K € T> and z < 0.

Proof. Applying the asymptotics (9.2) and (9.3), one can estimate the kernel of the operator
T,(K.2) — T, (8 I 4 |2)) by

’2M

ClApP +1gP ™ +1pI72(pP +1g1) ™ + (gl 2 UpP + g~ + 11,
and hence the operator T), (K, z) — T, (8 ; '2’;1‘ + |z|) belongs to the Hilbert—Schmidt class for
all K € Us(0) and z < 0. In combination w1th the continuity of the kernel of the operator in

K € Us(0) and z < 0, this gives the continuity of T}, (K, z) — Ty( ; ‘21;,' + |z|) in K € Us(0)

and z < 0. |
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Let
5 2 IK|? 2,2
S, (r) : L7((0, 1), 00) = L((0, 1), 00), r = 1/2[log o T lz]'), o0 =L(S),
¥
S? being the unit sphere in R?, be the integral operator with the kernel
u
S, (t;y) = Qm) P ——L—, 9.6
y () = @m) coshy + syt ©-6)
1+y y
Uy = ——, 5, = ,
/T2y 4y 9.7)
y=x—x/,x,x/€(0,r), t=(,n), EneS

and let
Sy()») 1 09 —> 0p, A € (—00, +00)

be the integral operator with the following kernel:

(5 1) —/ exp (—irr}S, (1 1) dr = —(2)~u, ShIM@rccos sy 1] 9.8)
—00 (1—s t2) smh(nM
For > 0, define
U, y) = (4m)~! / n(w. S, () dy. 9.9

Lemma 9.6. The function U (u; y) is continuous in . > 0; the following limit
Jim sr70n(, S, () = Uus v)
exists.
Remark 9.7. This lemma can be proven quite similarly to the corresponding results of [8]. In

particular, the continuity of U (u; y) in i > 0 is a result of lemma 3.4; theorem 4.5 states the
existence of the limit

lim 4r7' (e, S, (1) = U(w, ).

Lemma 9.8. The equality

1,T,(5, K2 4z
lim n(L 1 (6 2y + 1) =U®y) (9.10)

B2 40  |log (% +1z])]
holds.
Proof. The space of functions having support in Us(0) is an invariant subspace for the operator
T, (5. 5. +1el).

Let T\9(8, 5 LKP |z1) be the restriction of the operator T}, (8, X
subspace LZ(Ug (O)).

The operator 7, (3, '21;4‘ +|z|) is unitarily equivalent with the operator 7\ (3, ‘21;1' +z])
acting in L2(U, (0)) by

IKI2 (ny|pl* +2)7 4 (ny |q* +2)~ 14
T (8 +12l) w(p) = -, [ 2L r\d —w(g)dg,
M, U, (0) (1+V)|P| +2y(p, @)+ (1 +p)lgl*+2

where B, = {p € T3 : |p|<rr—(‘K| +zl)” }

; 2M 4 |z]) on the invariant
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The equivalence is performed by the unitary dilation

s r
Denote by x;(-) the characteristic function of U;(0). We may replace
(ny|pl> +2)714, (nylgl> +2)71*

-3/2 S
U, 200D = 2B, WD) = (%) f(—p).

and
A+ MIpP+2y(p.g) + (L +p)lg* +2
by
my P A= xap). (ylgH A = xi(9))
and
A+ PIplP +2y(p. ) + (A +p)lql,
respectively, since the error will be a Hilbert—Schmidt operator continuous up to % +]z| =0.
Then we get the operator T y(z) (r) in L?(U,(0)\U,(0)) with the kernel

o [ty P~ lq1
NV VT+2y A+ 9)IplE+2y(p.g) + (1 +)lgl?

By the dilation
0g + |Z
2My

where (Mf)(x, w) = /2 f(e*w), x € (0,r), w € S?, one sees that the operator T (r) is
unitary equivalent to the integral operator S, (r). The difference of the operators S, (r) and

M : L*(U,(0)\U;(0)) — L*((0,t) x 09), r=1/2

’

T, (8 , % + |z|) is compact (up to unitarily equivalence), and hence lemma 9.6 yields the
equality 9.10. Lemma 9.8 is thus proved. (|

Lemma 9.9. For any y > 0, the inequality U (y) > 0 holds.

Proof. It is convenient to calculate the coefficient U (y) by means of a decomposition of the
operator Sy (y) into the orthogonal sum over its invariant subspaces.

Denote by L; C L?(S?) the subspace of the harmonics of degree / = 0, 1, .... It is clear
that L*(S?) = Y ;2 ®L;, dim L; = 21 + 1. Let P, : L*(5*) — L, be the orthogonal projector
onto L;.

The kernel of P; is expressed via the Legendre polynomial P;(-):

2l +1
4

The kernel of S,,(y) depends on the scalar product (€, 1) only, so that the subspaces L;
are invariant for Sy (y) and

Pi(§,n) =

Pi((§.m)).

S, =) a8V ®R), ©.11)

=0

where S;’) (v) is the multiplication operator by the number

&l
$0(y) = 27 /

1
P(0)S, (13 y) dt (9.12)
1
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in L;, the subspace of the harmonics of degree /, and P, (¢) is a Legendre polynomial. Therefore,

n(, 8,y =) Cl+Dn(w,SY), >0
=0

It follows from (9.9) and (9.12) that

+00

1
U 19 2 -
(Ly) e /

—00

By (9.8), we first calculate S(yo) ():

sinh[y (arccos(s, (¢))] dr

1
800 = |
14 sinh(y) J_; M sg,z

Applying the equality
u,, sinh[y(arcsin s, )] _ u, ! sinh[y (arccos(s,1))] dt
s,y cosh (%) sinh(my) J_, W ’
and using
sinh[y(arcsins, )] >
Syy
we have

myax S}(,O)(y) > > u, > 1.

Uy
cosh (%)
This together with (9.13) completes the proof.

n(1, S;O)(y)) dy > %mes{x : S;O)(x) > 1}

(9.13)

(9.14)

y € R,

Proof of theorem 9.1. Lemmas 9.2, 8.4, 9.5, 9.8 and 9.9 yield the proof of theorem 9.1.

]
O

Proof of theorem 4.9. The proof of theorem 4.9 concerning the infiniteness of eigenvalues

and the asymptotics follows from theorems 7.2 and 9.1
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